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Motivation and problem statement:

In the context of the space debris problem, we extend previous
studies by investigating how the coupled effect of solar radiation
pressure (SRP) and Earth’s oblateness (J2) can drive chaotic
eccentricity growth and enable passive debris reentry.

Hamiltonian system:
Perturbations of the two-body problem due to SRP and Earth’s
oblateness effect.

Chaos detection:
The Smaller ALignment Index (SALI).

Parametric cartography and numerical investigations:
SALI and orbital lifetime.

Summary.



The
Hamiltonian model



Hamiltonian model
Following Alessi et al., MNRAS (2018) and Gkolias et al., Celest. Mech. Dyn. Astron. (2020)

the motion of a satellite (mass m) around Earth (mass m, radius 7¢) 1s described by a
perturbed two-body secular Hamiltonian where the Earth’s oblateness (J,) and the solar

radiation pressure (SRP) are taken into account:
— | Satullite
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We use Delaunay variables
L=\/g,1(mE+m)a, [ =M, G =L+y1—e? g = w, H = G cosi, h = Q,
related to the orbital elements a (semi-major axis), e (eccentricity), i (inclination), £ (longitude of node),

w (argument of perigee), and M(t) = \/g(mg + m)a=3/2(t — t,) (mean anomaly), with g being the
gravitational constant, t is time and ¢, the time at which the satellite is closest to Earth.

k T COS Yy,

We also have /, = 0.0010826 (oblateness 1 . _ |
parameter), u = gmyg (Earth’s gravitational 1\ 41(608 e+ 1)(008 ! —|_ 1) COS(w +4 /\Q) |
parameter), cg = 1 (reflectivity coefficient), P = _2_1 (cose + 1)(cosi — 1) cos(—w + €2 — A@)_
456 x 107 (SRP constant at | AU), A/m the 3 Lsind sine cos(w — Ao)
arza—)t\o—mas; ratiJ(:, € :'2§ﬁ4°§eclipticl’.s ?bliquity) | 4 _% sini sin e COS(UJ 4+ )\@)

and Ao = A0 T nst 1s the Sun’s ecliptic 1 : |
longitude in terms of the Sun’s mean motion ng. . 4 (cose —1)(cosi+1) cos(w +Q+ Ao)

6 L(cose — 1)(cosi — 1) cos(—w + Q2+ Ag)

Note that [ is a cyclic coordinate, therefore L and a are constants. We eliminate the system’s explicit time
dependency by introducing the dummy action J with frequency ng, thereby obtaining an autonomous
system with 3 degrees of freedom.



The
Smaller AL1ignment Index
(SALI)

method of chaos detection



Maximum Lyapunov Exponent (MLE)

Chaos: sensitive dependence on initial conditions.

Roughly speaking, the MLE of a given orbit characterizes the mean exponential rate

of divergence of trajectories surrounding it.

Consider an orbit in the 2N-dimensional phase space with initial condition x(0)) and
an 1nitial deviation vector v(0) (small perturbation) from it.

Then the mean exponential rate of divergence is:
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Figure 5.7. Behavior of o , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions {after Benettin

et al., 1976).



Definition of the SALI

We follow the evolution 1n time of two different initial deviation
vectors (v,(0), v,(0)), and define SALI [S., J. Phys. A (2001) - S. &
Manos, Lect. Notes Phys. (2016)] as:

SALI(t) = min{||v1(t) + U2 (O)|l, |91(t) — D2(E) I3

where

vy (t)
lv (O]

When the two vectors become collinear

SALI(?) — 0

Uy(t) =



Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined by
the maximum Lyapunov exponent.
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to v, ()
coincide with the direction defined by
the maximum Lyapunov exponent. .
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Behavior of the SALI for chaotic motion

We test the validity of the approximation |SA4/L/x e~ (h1=22)t

Phys. A (2004)] for a chaotic orbit of the 3

Hamiltonian
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Behavior of SALI for regular motion

Regular motion occurs on a torus and two different initial
deviation vectors become tangent to the torus, generally
having different directions.
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Behavior of SALI for regular motion
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SALI — Hénon-Heiles system

As an example, we consider the 2D Hénon-Heliles system:
1 1 1
H=—(pi+p5) +5 02 +y5) +x%y —3y°

For E=1/8 we consider the orbits with initial conditions:
Regular orbit, x=0, y=0.55, p,=0.2417, p =0

Chaotic orbit, x=0, y=-0.016, p,=0.49974, py=0

Chaotic orbit, x=0, y=-0.01344, p =0.49982, p, =0

0.5 0F

log(SALI)
do

12 +

-16




SALI — Hénon-Heiles system

Bl 1og(SALD <-12

i - B -12 <log(SALI) < -8

" -8 <log(SALI) < -4
-4 <log(SALI)




a (km)

Behavior of SALI

Hamiltonian flows and multidimensional maps

SALI—0 exponential decay for chaotic orbits

SALI—constant # O for regular orbits
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We consider initial conditions (ICs) with e = 0.05 and w = {) = A\ = 0°, for
A/m = 10 m*Kg~". We register SALI at t; = 100 years.



The effect of areca-to-mass ratio
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We consider ICs with e = 0.05 and w = {2 = A = 0° and register SALI at
tr = 100 years. Resonances are computed by considering only the Earth’s oblateness

perturbation.



Orbaital lifetime and re-entry trajectories

Orbital lifetime t,: the time an orbit with 1nitial semi-major axis ay needs to reach the
TEYO (1 = 6378.1363Km and & = 120Km). At that

Qo
time the orbit is considered a re-entry trajectory.

Afm=5m’kg !

critical eccentricity e, = 1 —

A/m = 10m%*kg !
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N,: the number of ICs (out of about 260,000 considered orbits) leading to re-entry for times
less than 25 years.




Chaoticity and orbaital hfetlmes
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Almost all re-entry trajectories, at both t, = 5 or t, = 25 years, exhibit regular behavior until
the time of re-entry.



Chaoticity and orbital lifetimes
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We consider 50 randomly generated ICs (grey curves) within the neighborhood of the nominal orbit.



Summary

 We conducted a numerical investigation of Earth satellite orbital
dynamics under perturbations to the two-body Kepler problem arising
from solar radiation pressure and the Earth’s oblateness.

e The Smaller ALignment Index method (SALI) allows the fast and
clear identification of chaotic regions.

* The number N, of re-entry trajectories follows a power law decay

1

with respect to the orbital lifetime t,: N, ~ =

*

* Almost all re-entry trajectories (at both t, = 5 or t, = 25 years)
exhibit regular behavior until the time of re-entry.
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